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“I cannot seriously believe in it because the theory cannot be reconciled with the idea that
physics should represent a reality in time and space, free from spooky actions at a
distance.”

— Albert Einstein, on quantum mechanics, 1935

Abstract

We show that the Pauli exclusion principle—the foundational postulate forbidding two
identical fermions from occupying the same quantum state—is not an independent axiom
of physics but a theorem of quaternion algebra, proved by William Rowan Hamilton in
1843, eighty-four years before Wolfgang Pauli needed it. The proof is elementary: the
Pauli spin matrices are quaternion units in matrix disguise (-ic_ X =1, -6 y =], -ic_ z=
k), the antisymmetry of fermion exchange is the anticommutativity of quaternion
multiplication (ij = -ji), and the exclusion of identical states is the vanishing of the
quaternion self-wedge product (Q A Q = 0). We trace the reasoning chain from first
encounter with the Pauli matrices through to the proof, preserving the path of discovery
so that the logic is accessible at every level. We then show that the resulting quaternion
filling rules generate the structure of the periodic table and predict the hierarchy of
binding wells—from quarks through nucleons through electrons to crystals—as nested
quaternion subspaces, each invisible from the layer above except through its real-axis
projection. This connects to companion papers on cosmological redshift [1] and the
quantum leap [2], completing a unified quaternion framework from the atomic nucleus to
the cosmological horizon.
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table, wells within wells, fermion, Clifford algebra

1. Introduction: A Postulate in Search of a Proof

The Pauli exclusion principle is the most consequential unexplained fact in physics. It
says: no two identical fermions—electrons, protons, neutrons, quarks—may occupy the
same quantum state simultaneously. From this single rule flows the structure of the
periodic table, the stability of matter, the existence of chemistry, the rigidity of solids, the



degeneracy pressure that holds white dwarfs and neutron stars against gravitational
collapse, and ultimately the possibility of complex structures including the reader of this
paper.

Yet in the standard formulation of quantum mechanics, the exclusion principle is an
axiom—a postulate accepted without derivation. Textbooks state it as: “The total wave
function of a system of identical fermions must be antisymmetric under the exchange of
any two particles.” Students are told to accept this and move on. The deeper question—
why must it be antisymmetric? why not symmetric, like bosons?—is answered, if at all,
by appeal to the spin-statistics theorem of relativistic quantum field theory, a proof so
technically demanding that even Pauli himself called it unsatisfactory.

We propose a simpler answer. The exclusion principle is not a physical law. It is a
mathematical theorem—a property of quaternion algebra, discovered by William Rowan
Hamilton in 1843. The proof requires nothing beyond the multiplication table of
quaternion units, which Hamilton carved into Brougham Bridge on October 16th of that
year:

==k =ijk=—1 (1)

From this single identity—four letters, three equals signs—we will derive the
anticommutativity of fermion exchange, the impossibility of identical fermion states, the
two-electron maximum per orbital, and the shell structure of the periodic table. No
quantum field theory. No relativistic arguments. No postulates beyond Hamilton’s bridge
inscription.

2. The Discovery: Pauli’s Matrices Are Hamilton’s Quaternions

2.1 The Pauli Matrices

In 1927, Wolfgang Pauli introduced three 2x2 matrices to describe the spin of the
electron—its intrinsic angular momentum, which has no classical analog. The matrices
are:

cx=101 oy=10-] oz=|1 0 (2)
|1 0] [1 O 0 -1

(where i is the ordinary complex imaginary unit, \—1). These matrices have a remarkable
property. Each squares to the identity:

ox’=0y’=02z"=1 3)
And their products are cyclic:

0X0y=iocz, 0 yoz=Ii0X, 620 X=Ii0) (4)



These relations have been used by every physicist since 1927. They appear in every
quantum mechanics textbook. They are the foundation of spin physics, magnetic
resonance imaging, quantum computing, and the Standard Model of particle physics.
What appears not to have been widely noticed is what happens when you multiply each
matrix by -i.

2.2 The Multiplication by -i

Define three new objects:
er=-ic X, e:=-i0y, es=-i0z (5)
Now compute their squares. Since 6_x* =1 and (-1)* = -1:
er =(-i)? 0 x*=(-1)(I) = -1 (6)
Similarly:
el=e’=e??=-] (7)

Each squares to minus the identity. Now compute the triple product. From Eq. (4),
6 x6 yo z=10_z'6_z=1-1=1l. Therefore:

erezes=(-i)c xo yo z=(>)(il) =i*1=-1 S)
And the cyclic products:
ere:=es; e:es=e; eser=e: )
Collect these results:
e’ = e’ = es? = eieres = -1 (10)
Compare to Hamilton’s quaternion identity (Eq. 1):
P=7=kK=ijk=-1 (1, repeated)

They are identical. The objects €1, €2, €3 are Hamilton’s quaternion units 1, j, k, written as
2x2 matrices. The correspondence is:

-io x=1 ~-iocy=j -icz=k (11)

This is not an analogy. It is not a resemblance. It is an algebraic identity. The Pauli spin
matrices, multiplied by -1, ARE the quaternion units. Every computation ever performed
with Pauli matrices was a quaternion calculation in disguise.

Hamilton discovered this algebra on October 16, 1843, carving it into a bridge in Dublin.
Pauli published his matrices on January 1, 1927, in the Zeitschrift fiir Physik. Eighty-four
years separated them. The algebra was the same.



2.3 Verification

We have verified this computationally. Constructing the 2x2 matrix representations and
multiplying:

Property
Required
Computed

Status

e’ =-]

632 =-/

erezes = -1
ijk = -1

True

elez = es3
j=k

True

€283 = €1
k=i

True



eser = ez
ki=j
True
v

€2e; = -es3
ji=-k
True
v

Every quaternion identity is satisfied. The proof is complete: Pauli’s spin algebra is
Hamilton’s quaternion algebra. They are the same mathematical structure.

3. The Theorem: Why Identical Fermion States Cannot Coexist

3.1 Anticommutativity

The crucial property of quaternions—the property that makes them different from
ordinary numbers—is that their multiplication does not commute. For ordinary numbers,
3 x 5=5 x 3. For quaternions:

ij=+k but ji=-k (12

Swapping the order of multiplication flips the sign. This is not a peculiarity; it is the
defining feature. Hamilton spent years searching for a three-dimensional algebra that
would generalize complex numbers and nearly gave up. The breakthrough came when he
realized he needed four dimensions and non-commutative multiplication. He needed the
sign flip.

In physics, this sign flip has a name: antisymmetry under exchange. When you swap two
fermions, the wave function picks up a minus sign. Textbooks postulate this. Hamilton
proved it.

3.2 The Self-Wedge Vanishes

Now comes the key step. Consider two electrons in the same atom. Each is described by a
quaternion Q containing its energy (real part) and angular momentum (imaginary parts).
The two-electron state is described by their exterior (wedge) product:

01 A Q2 =-(0: A Q) (13)



The wedge product is antisymmetric by construction—swapping the two quaternions
flips the sign. This is not a postulate; it is the definition of the wedge product, a standard
construction in exterior algebra going back to Hermann Grassmann (1844, one year after
Hamilton).

Now ask: what happens if Q1 = Q2? If both electrons are in the same state—same energy,
same angular momentum, same spin—then Q: = Q2= Q, and:

010=-(010 (14)
Add Q A Q to both sides:
2010 =0 (15)
Therefore:
0n0=0 (16)

The exterior product of any quaternion with itself is zero. Not small. Not approximately
zero. Exactly zero. Identically zero. The two-electron state does not exist. You cannot
construct it. It is algebraically impossible, in the same way that 1 = 2 is impossible—not
forbidden by decree, but by the structure of arithmetic itself.

This is the Pauli exclusion principle.

It is not a law of physics imposed from outside. It is a theorem of quaternion algebra,
following from the anticommutativity that Hamilton discovered in 1843. No additional
axioms are needed. No appeal to relativistic quantum field theory. No spin-statistics
theorem. The proof is three lines of algebra: Equations (14), (15), and (16).

3.3 Why This Works for Fermions but Not Bosons

The argument above applies to objects whose exchange algebra is antisymmetric—
objects described by quaternions (or more generally, by odd elements of a Clifford
algebra). These are the fermions: electrons, protons, neutrons, quarks. All have spin % (or
3/2,5/2, ...), and all are described by spinors, which transform under the quaternion group
SU(2).

Bosons—photons, gluons, the Higgs—have integer spin (0, 1, 2, ...) and are described by
vectors, which commute under exchange. Their exchange product is symmetric, not
antisymmetric:

01 VQ:=+(Q: VQi) (symmetric product) (17)

For bosons, Q VvV Q # 0. Multiple bosons CAN occupy the same state. This is why lasers
work (many photons in the same mode) and Bose-Einstein condensates exist (many
atoms in the same ground state). The distinction between fermions and bosons is not a



postulate—it is the distinction between the antisymmetric and symmetric products of the
underlying algebra.

Fermions are quaternions. Bosons are scalars. The rest is bookkeeping.

4. The Reasoning Chain: How We Got Here

Scientific papers typically present results as if they were known from the beginning—
polished, inevitable, emerging fully formed from the author’s forehead like Athena from
Zeus. This obscures the actual process of discovery, which is messy, iterative, and full of
wrong turns. We believe the reasoning chain is as valuable as the result, because it shows
where the insights come from and how anyone might find them. So here is how we
actually arrived at this theorem.

4.1 Starting with Helium

We were trying to describe the helium atom in the quaternion framework developed in
[2]. Each electron is a quaternion: Q=E +L x-i+L y'j+S zk. Two electrons in the
helium ground state, both in the 1s orbital. The first has spin up:

O1=-24.6 eV + 0-i + 05 + Vhk
The second has spin down:
0> =-24.6 eV + 0+ + 0 - Bhk

We noticed: these two quaternions are conjugates in the k-component. One has +'2h, the
other has -)4h. The total spin is +)4h + (-/2h) = 0. The imaginary part cancels. Helium’s
ground state is the most “real” state in nature—its total quaternion has all imaginary
components equal to zero. A closed shell is a purely real quaternion.

The question arose naturally: WHY must they be conjugates? Why can’t both be spin up?

4.2 The Analogy to Cosmological Wells

At this point, an analogy from the companion cosmological paper [1] suggested itself. In
that paper, we showed that a supernova sits in a local gravitational well—a dip in the
spacetime metric—and that well is nested inside the host galaxy’s well, which is nested
inside the cluster’s well, which is nested inside the cosmological metric. Wells within
wells, each with its own depth, its own scale, its own physics effectively invisible from
the layer above.

The helium atom has the same structure. The nucleus is a deep well (28 MeV binding
energy, | femtometer across). The electrons orbit in a shallow well around it (79 eV
binding energy, 31 picometers across—30,000 times farther out). The electrons never see



the nuclear structure. They see a point charge +2e. Just as a distant galaxy never sees our
solar system—it sees a point of light.

But within the electron well, there is another structure: the Pauli exclusion creates a
“fence” between electrons. Each orbital has exactly two slots—spin up and spin down—
and once both are filled, the orbital is closed. A third electron must go to the next well (n
= 2). This is why the periodic table exists. This is why chemistry exists. But WHY are
there exactly two slots?

4.3 The Pauli Matrices and the Question

We looked at the Pauli matrices—the mathematical objects used to describe spin. Three
2x2 matrices: 6_X, 6_y, 6_z. They square to the identity. Their products are cyclic. And
then we noticed something that stopped us cold.

The products satisfy: 6_xo_y =1ic_z. That complex factor of 1 in front—it means the
product of two Pauli matrices gives the third one times Y—1. What if we absorbed that
factor? What if we defined e: = -ic_x, e2=-10_y, €3 =-i6_z?

The calculation took five minutes. The result was unmistakable. The objects ei, €2, €3
satisfy every quaternion identity: they square to -1, their triple product is -1, and their
pairwise products are cyclic. They ARE Hamilton’s 1, j, k—the same objects he
discovered in 1843, written in a different notation.

This was the moment of recognition. Not invention—recognition. The quaternion
structure had been sitting inside the Pauli matrices for a century, used by every physicist,
seen by none (or at least, not seen in this light).

4.4 The Exclusion Falls Out

Once the identification was made, the exclusion principle fell out immediately.
Quaternions anticommute: ij = -ji. Swapping two quaternions flips the sign. This is
antisymmetry. And the self-wedge of any element in an antisymmetric algebra is zero: Q
A Q =0. Two identical quaternion states cannot coexist.

The proof took three lines. The identification took five minutes. The century of not seeing
it took eighty-four years. Such is the nature of mathematical discovery: the answer is
obvious once you know where to look, and invisible until then.



5. Consequences: The Periodic Table as Quaternion Filling

5.1 The Counting Argument

An electron in an atom is described by a quaternion with four components:
Q=E n+L perp(i ®j) +m_Ilh-k _orbital + m_sh-k_spin (18)

The real part (E_n) is determined by the principal quantum number n. The imaginary
components are determined by the angular momentum quantum numbers 1 and m_1, plus
the spin projection m_s = £%. Each distinct set of quantum numbers (n, 1, m_1, m_s)
corresponds to a distinct quaternion. By the exclusion theorem (Eq. 16), no two electrons
can share the same quaternion. Therefore, the number of electrons per shell is simply the
number of distinct quaternions available:

For principal quantum number n:
* I ranges from 0 to n—1, giving n possible values
* For each 1, m_I ranges from —I to +1, giving 21+1 values
* Foreach (I, m_l), m_s = £/, giving 2 values (the two k-slots)
» Total: X from [=0 to n—1 of 2(21+1) = 2n?
Shell n
1 values
States per 1
Total 2n?
Elements

1
0
2
2
H, He

2
0, 1

“

2+6=38

Li— Ne



0,1,2
2+6+10=18

18

Na — Ar*

4

0,1,2,3

2+6+10+14=32

32

K — Kr*

(*Actual filling order deviates due to inter-electron repulsion, the shell capacity is exact.)

The factor of 2 in “2n?” is the two k-slots: +'%2h and —'4h. This is why every row of the
periodic table has an even number of elements. This is why the first row has exactly two
elements (hydrogen and helium). This is why helium is inert (both k-slots filled,
quaternion fully real, nothing left to give). All from Q A Q =0.

5.2 The Quaternion Description of Each Element

We can write the electron configuration of any element as a list of quaternions. Each
quaternion occupies one “slot”—one distinct point in the four-dimensional quaternion
space:

Hydrogen (Z =1):
O=-13.6eV+0i+ 0]+ bk

One quaternion. One electron. The k-slot is half-filled. Hydrogen is reactive—it wants a
partner to fill the other k-slot and complete the real quaternion.

Helium (Z = 2):
Qi =E+0i+0j+ %hk
0:=E+0i+0j— %hk

Two quaternions, conjugate in k. Total imaginary: zero. The shell is full. Helium is inert
—a noble gas. Its quaternion state is purely real. There is nothing to give and nothing to
receive.

Lithium (Z = 3):
01, Q2: n=1 shell (full)



Qs =E2+0:1+0-j+%h-k (n=2 shell, new well)

The third electron cannot fit in the n=1 shell—Q A Q = 0 forbids it. It must go to the n=2
shell, a wider, shallower well. This is a lonely electron in a big house. Lithium is a metal:
that outer electron is loosely bound and easily shared. Its chemistry is the chemistry of
one electron trying to find a k-partner.

Carbon (Z = 6):

Two electrons fill the n=1 shell. Four electrons partially fill the n=2 shell: two in the 2s
subshell (1=0), and two in the 2p subshell (I=1). But the 2p subshell has six slots (three
m_I values % two k-slots), and only two are filled. Carbon has four empty slots—four
bonds to make. This is why carbon is the basis of organic chemistry. This is why life is
carbon-based. The quaternion bookkeeping determines the architecture of biology.

Iron (Z =26):

Twenty-six quaternions, filling shells up to n=3, 1=2 (the 3d subshell). The 3d shell has
ten slots (five m_1 values x two k-slots) and iron has six electrons in it—four unpaired k-
slots. These unpaired spins give iron its magnetic properties. Ferromagnetism is unpaired
k-components, aligned across billions of atoms. The quaternion imaginary that refused to
cancel becomes a force you can feel with a compass.

6. Wells Within Wells: The Hierarchy of Binding

The exclusion principle operates within a well—a bound system where electrons (or other
fermions) are confined by a potential. But nature is a hierarchy of wells, each nested
inside the next, each with its own depth, its own scale, and its own effective quaternion
algebra. The deeper the well, the more energy is locked inside it, and the less visible its
structure is to observers in the well above.

Well

Depth

Size

Force

Quaternion structure
Quark binding

~1 GeV

~1 fm

Strong (color)
SU(3) — Octonion?



Nuclear binding
~28 MeV

~1.7 fm

Strong (residual)
SU(2) isospin
Electron binding
~1-100 eV
~30-300 pm
Electromagnetic
Quaternion SU(2)
Molecular bond
~1-10 eV
~100-300 pm
EM + Pauli
Quaternion (spatial)
Crystal lattice
~0.01-1 eV

~300 pm

EM + Pauli
Quaternion (band)
Gravitational
~eV to GeV

km to Mpc
Gravity

Metric quaternion [1]

6.1 Projection Between Wells

Each well is invisible from the layer above, except through its projections. A nucleus
projects upward to the electron well as three numbers: charge (+Ze), mass (A amu), and
spin (an integer or half-integer). These are the real part and k-component of the nuclear
quaternion, summed over all constituent nucleons. The internal structure—the



arrangement of protons and neutrons, the swirl of gluons, the dance of quarks—is
invisible. It has been “projected onto the real axis” of the electron’s world.

This is the same mechanism as measurement in quantum mechanics [2]. To “measure” a
quaternion is to project it onto the real axis, discarding the imaginary. When the electron
well “measures” the nucleus, it projects the nuclear quaternion onto the electron’s real
axis and sees only charge, mass, spin. When a distant astronomer “measures” a galaxy,
she projects its quaternion onto her real axis and sees only luminosity, redshift, angular
size. The imaginary components—the internal structure—are orthogonal to her
measurement.

Wells within wells. The supernova in its gravitational well [1]. The electron in its atomic
well [2]. The quark in its color well. Each level has its own quaternion algebra, its own
exclusion rules, its own shell structure. And each level projects upward to the next as
nothing more than a real number and a spin—the observable residue of a quaternion that
has far richer structure than the observer above can see.

6.2 The Strong Force: A Glimpse Downward

We have treated the helium nucleus as a single entity—a “crutch,” as we acknowledge.
But the framework demands that the nuclear well, too, obey quaternion algebra. And it
does:

The strong force is mediated by gluons, which carry “color charge”—a quantum number
with three values (red, green, blue) and three anti-values. The symmetry group of color is
SU(3). The symmetry group of spin is SU(2), which is isomorphic to the unit
quaternions. SU(3) is the next algebra up: it has eight generators (the Gell-Mann
matrices) where SU(2) has three (the Pauli matrices / quaternion units).

The pattern suggests itself: if SU(2) is the quaternions (four-dimensional), then SU(3)
may be the octonions (eight-dimensional)—the next division algebra after the
quaternions, discovered by John Graves in 1843 (the same year as quaternions\!) and
independently by Arthur Cayley in 1845. The octonions are non-associative as well as
non-commutative, which matches the more complex structure of the strong force.

This is speculative. But it is the natural prediction of the “It Is All One” framework: if the
electron well is quaternionic and the quark well is octonionic, then the hierarchy of
division algebras—reals, complexes, quaternions, octonions—maps onto the hierarchy of
physical forces. This is an active area of mathematical investigation (see Baez [11], Furey
[12]) and constitutes the most ambitious prediction of the present program.



7. The Helium Atom: A Worked Example

7.1 Two Electrons, Two Species

When one electron in helium is excited, the atom splits into two species depending on the
relative orientation of the two spin quaternions:

Parahelium (singlet, S = 0): the k-components are antiparallel—one is +)2h, the
other is —’2h. They are quaternion conjugates. The total spin quaternion vanishes:
k_total = 0. The spatial wave function must be symmetric (both electrons can
overlap). More overlap means more electron-electron repulsion. Higher energy.

Orthohelium (triplet, S = 1): the k-components are parallel—both are +'2h (or both
—%h, or one of each in the m_s = 0 state). The total spin is nonzero: k_total = h. The
spatial wave function must be antisymmetric (a node where the electrons coincide—
they cannot overlap). Less repulsion. Lower energy.

The energy difference between singlet and triplet states is the exchange splitting—a
purely quantum effect with no classical analog, directly measurable in the helium
spectrum:

State

E singlet (eV)
E triplet (eV)
Exchange splitting (e V)
2S

20.616

19.820

0.796

2P

21.218

20.964

0.254

3S

22.920

22.718

0.202



3P
23.087
23.007
0.080
3D
23.074
23.074
0.000

The splitting decreases with increasing n and I—exactly as expected. Higher n means
larger orbits, farther apart, less overlap, less exchange. Higher | means more angular
nodes, which also reduce overlap. For the 3D states, the splitting effectively vanishes: the
electrons barely interact.

7.2 The Quaternion Interpretation

In quaternion language, the exchange splitting is the energy cost of k-alignment versus k-
cancellation. When the k-components align (triplet), the spatial quaternion is forced
antisymmetric—a node at r1 = r—and the electrons stay apart. When the k-components
cancel (singlet), the spatial quaternion is symmetric, the electrons crowd together, and
repulsion costs energy.

This is not a “correction” to the quaternion model. It IS the model. The exchange
interaction is quaternion geometry: the relative orientation of two k-components
determines the spatial structure, which determines the energy. The energy difference
between “k adds” and “k cancels” is directly measurable—it shows up as two different
colors of light from the same atom. Parahelium and orthohelium have different spectra
because their quaternions point in different directions in the imaginary plane.

8. The Helium Spectrum: Sixty-Four Lines and Counting

In [2], we showed that the quaternion framework reproduces twenty-six hydrogen
spectral lines to 10 parts per million using a single constant R_H. We now extend this to
helium—first to the He" ion (one electron, Z = 2), then to neutral helium (two electrons).
The framework is identical: f = AE/h, the quaternion rotation rate equals the photon
frequency. The only complication in neutral helium is computing AE when two
quaternions interact.



8.1 He*: Hydrogen with a Stronger Pull

The He" ion has one electron orbiting a nucleus of charge +2e. It is exactly solvable—
hydrogen with Z = 2. The Rydberg formula becomes:
1/A=27>%xR He x (I/n_f2— 1/n_i?) (19)

where R_He = 10972227.349 m™" (using the helium reduced mass p_He instead of p_H,
because the He nucleus is four times heavier than the proton and jiggles even less). With
7?* =4, every energy level is four times deeper than hydrogen’s:

E n(He) = —4 x 13.598 /n*=—54.42/n? eV (20)

Table 2 shows the results for twenty-two He* lines across four spectral series. The
calculation is identical to hydrogen—one formula, one constant, pure arithmetic.

Table 2: He" Ion Spectral Lines (Z> x R_He = Rydberg Formula)

Transition Line A calc (nm) ANIST (nm) Error (ppm)
21 Lyman-o 30.38 30.38 +57.0
31 Lyman-f 25.63 25.63 +35.1
41 Lyman-y 24.30 24.30 +32.3
5—-1 Lyman- 23.73 23.73 +7.0
6—1 Lyman-¢ 23.44 2343 +76.5
352 Fowler-a 164.051 164.040 +64.4
42 Fowler-f3 121.519 121.510 +73.5
52 Fowler-y 108.499 108.500 -8.8
6—2 Fowler-6 102.532 102.530 +15.6
7—2 Fowler-¢ 99.24 99.24 +4.6
4—-3 Paschen-a 468.585 468.560 +52.8
5—-3 Paschen-f 320.319 320.280 +120.7
6—3 Paschen-y 273.337 273.400 -231.6
7—3 Paschen-o 251.127 251.070 +226.2
8§ -3 Paschen-¢ 238.546 238.580 -141.4
5—4 Brackett-a 1012.38 1012.36 +20.0
6—4 Brackett-f 656.021 656.010 +16.8
7—4 Brackett-y 541.161 541.160 +2.1
84 Brackett-6 485.940 485.930 +20.5
9—4 Brackett-¢ 454.167 454.160 +14.3
10— 4 Brackett-g 433.874 433.870 +9.7

12 >4 Brackett-n 410.011 410.000 +26.0




Twenty-two lines. Mean error: 57 ppm. Same formula as hydrogen, same framework, just
7? = 4. The larger mean error compared to hydrogen (~57 ppm vs ~10 ppm) is expected:
the fine-structure correction scales as Z*, so helium’s relativistic corrections are sixteen
times larger than hydrogen’s. Once again, the residual is not a failure—it is a prediction
of the Dirac equation, the next quaternion layer.

8.2 The Pickering Confusion: Helium Pretending to Be Hydrogen

In 1896, the astronomer Edward Pickering observed spectral lines in the star  Puppis that
fell between the hydrogen Balmer lines. He announced the discovery of a new hydrogen
series—‘half-integer”” Balmer lines. The astronomical community was baffled. How
could hydrogen have spectral lines at half-integer quantum numbers?

Bohr resolved the puzzle in 1912. The lines were not hydrogen at all. They were He"™—
ionized helium in the star’s hot atmosphere—whose Z? = 4 in the Rydberg formula
produces lines that interleave with hydrogen’s. For He* transitions to n_f= 4, the even-
numbered initial states (n_1=6, 8, 10, 12...) produce wavelengths that fall almost exactly
on top of hydrogen Balmer lines. The odd-numbered ones (n_1=15,7,9, 11...) fall
between them—Pickering’s “half-integer” lines.

The mathematical reason is simple. For evenn_i, setn_i=2m:
1. =4R _He (1/16 — 1/4m?) = R _He (1/4 — I/m>) =R _H (1/2* — 1/m?)

which is the hydrogen Balmer formula. The He* line and the H line differ only by the
reduced mass ratio p_He/u H = 1.0004—a 400 ppm shift, invisible to 19th-century
spectrographs but easily resolved today.

In quaternion language: He* rotates four times faster than hydrogen (Z> = 4). But when
n_1i1is even, those four rotations land on the same final angle as a single hydrogen
rotation. The star was showing us helium pretending to be hydrogen—a deeper well
mimicking a shallower one, visible only through the tiny 400 ppm reduced-mass shift.
Wells within wells, even in starlight.

8.3 Neutral Helium: Two Quaternions Interacting

Neutral helium has two electrons. Their interaction—electron-electron repulsion—means
we cannot compute energy levels from a closed formula as we did for hydrogen and He".
We must solve the two-electron Schrédinger equation, which has no analytic solution.
This is the “three-body problem” of quantum mechanics.



But the framework is unchanged. Once we know the energy levels (from experiment or
from numerical solution of the Schrodinger equation), the photon frequency is still:

f=A4E/h (quaternion rotation rate = photon frequency) (21)

Table 3 shows the strongest helium emission lines—the lines you see when you look at a
helium discharge tube through a spectroscope. We use NIST experimental energy levels
to compute AE, then apply Eq. (21). The para/ortho classification follows directly from
the k-component alignment discussed in Section 7.

Table 3: Neutral Helium Emission Lines

Transition Type A cale (nm) ANIST (nm) pPpm Color
2'P1 — 1'So Singlet 58.433 58.433 +1 Resonance
(EUV)
3'P1 — 2'Se Singlet 501.567 501.567 -1 Green
4'P1 — 2'So Singlet 396.472 396.473 ) Violet
3'Se — 2'Py Singlet 728.137 728.135 +3 Red-IR
3'D; — 2'Py Singlet 667.967 667.815 +228 Red
4'D; — 2'Py Singlet 492.240 492.193 +96 Blue-green
3P — 23S: Triplet 388.861 388.865 -10 Violet
3381 — 2°P Triplet 706.518 706.519 -2 Red
3D — 2°P Triplet 587.574 587.562 +20 Yellow (Ds)
43S; — 2°P Triplet 471.314 471.314 +1 Blue
4D — 2°P Triplet 447.151 447.148 +7 Blue
4P — 235, Triplet 318.774 318.774 +1 Uv

11 of 12 lines agree to better than 100 ppm. The errors arise from the limited precision of
the NIST energy levels we used (typically 5 decimal places in eV), not from the
framework. The framework itself—f = AE/h—is exact. It is the same identity in helium
as in hydrogen. The quaternion rotation rate IS the photon frequency, whether one
electron or two is doing the rotating.

8.4 The Scorecard

Across hydrogen and helium, the quaternion framework now accounts for:

System Lines Method Accuracy
Hydrogen (Z=1) 26 R_H from first principles ~10 ppm
He" ion (Z=2) 22 Z?xR_He from first ~57 ppm

principles




Neutral He 12 NIST energy levels + <100 ppm
f=AE/h

Total 60

Sixty lines. Two atoms. One identity: the photon frequency equals the quaternion rotation
rate. Every line in the hydrogen spectrum, every line in the helium ion spectrum, and
every major line in the neutral helium spectrum follows from f = AE/h—Planck’s relation
revealed as geometry, not empiricism.

9. Historical Note: The Bridge and the Matrix

On October 16, 1843, William Rowan Hamilton was walking along the Royal Canal in
Dublin with his wife Helen. He had been struggling for years to extend complex numbers
(which have two components: real and imaginary) to a three-component system that
would do for three-dimensional space what complex numbers do for the plane. That
morning, the answer came to him: not three components but four, and the multiplication
had to be non-commutative. He was so excited that he carved the fundamental equation
into the stone of Brougham Bridge:

i7=j2 =k = ijk=—1

The carving has weathered away, but a plaque marks the spot today. Every year on
October 16, mathematicians walk the path Hamilton walked and celebrate the discovery.

Eighty-four years later, in Hamburg, Wolfgang Pauli was struggling with a different
problem: how to describe the intrinsic angular momentum of the electron, which had
been postulated by Goudsmit and Uhlenbeck in 1925 but lacked a mathematical
framework. Pauli introduced his three matrices in a paper submitted on January 1, 1927.
He did not cite Hamilton. It is unclear whether he recognized the connection—Pauli was
famously well-read in mathematics, and it would be surprising if he had not seen it. But
the physics community, focused on the revolutionary new quantum mechanics, did not
dwell on the algebraic ancestry of the spin matrices. The quaternion connection was
noted in the mathematical literature but never penetrated the physics mainstream.

It is worth pausing to appreciate the irony. The exclusion principle—Pauli’s greatest
contribution to physics, the one for which he received the Nobel Prize in 1945—was
already a theorem of the algebra he had unwittingly adopted. He had the proof'in his
hands. The algebra he used to describe spin already contained the answer to why
identical spin states cannot coexist. The bridge inscription and the matrix paper are the
same mathematics, separated by eighty-four years and the width of the English
Channel.



10. Discussion: What This Does and Does Not Prove

Let us be precise about the scope of this result.
What we have shown:

(1) The Pauli spin matrices are algebraically identical to Hamilton’s quaternion units,
related by multiplication by -i (Eq. 11). This is a mathematical identity, not an
approximation.

(2) The antisymmetry of fermion exchange is the anticommutativity of quaternion
multiplication (Eq. 12). This is a structural equivalence.

(3) The exclusion of identical fermion states follows from the vanishing of the quaternion
self-wedge product (Eq. 16). This is a theorem, not a postulate.

(4) The shell structure of the periodic table follows from counting distinct quaternion
states per energy level (Section 5). This is combinatorics.

What we have not shown:

(1) We have not derived the spin-statistics connection from first principles. We have
shown that fermions, described by quaternions, obey exclusion. But we have not
explained WHY fermions are described by quaternions and bosons by scalars. The spin-
statistics theorem of Pauli (1940) provides this connection in the framework of relativistic
quantum field theory, but a purely algebraic derivation remains an open problem.

(2) We have not extended the framework to the strong force. The suggestion that SU(3)
may be octonionic (Section 6.2) is a conjecture, not a proof.

(3) We have not connected the quaternion algebra of the atom to the quaternion geometry
of cosmological spacetime [1] through a single equation. The structural parallel is
compelling—wells within wells at every scale—but a mathematical bridge between h
(quantum) and Ho (cosmological) remains to be built.

These limitations are acknowledged not to weaken the present result but to clarify its
boundaries. The identification of Pauli matrices with quaternions (Section 2) and the
derivation of exclusion from anticommutativity (Section 3) are exact. The extensions
beyond these are clearly labeled as open questions.

11. Conclusion

The Pauli exclusion principle is not a law of physics. It is a theorem of quaternion
algebra.

The proof is elementary. The Pauli spin matrices, multiplied by -i, are Hamilton’s
quaternion units i, j, k (Eq. 11). Hamilton’s quaternions anticommute: ij = -ji (Eq. 12).



The exterior product of any element in an anticommutative algebra with itself vanishes:
Q A Q=0 (Eq. 16). Therefore, two electrons in the same quantum state cannot coexist.
This is the Pauli exclusion principle, derived from the multiplication table of quaternions,
which Hamilton discovered in 1843—eighty-four years before Pauli introduced his
matrices.

From this single algebraic fact flow the shell structure of atoms, the rows of the periodic
table, the existence of chemistry, the stability of matter, and the hierarchy of wells-
within-wells from quarks to crystals to cosmological structures. The framework connects
to companion papers on cosmological redshift as quaternion metric contraction [1] and
the quantum leap as quaternion rotation [2], suggesting a unified quaternion description
of nature at every scale.

The bridge inscription and the spin matrix are the same mathematics. Hamilton wrote
it in stone. Pauli wrote it in a journal. Nature wrote it in the periodic table. It is all one.
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